Abstract. In the literature it is known that the decomposable numerical range W 
Introduction
Let C n×n be the set of n × n complex matrices. Given A ∈ C n×n , the classical numerical range of A is the compact set Ax. Toeplitz-Hausdorff theorem asserts that W (A) is a convex set. For a simple proof see [13] . When n = 2, W (A) is an elliptical disk (possibly degenerated) [7] , known as the elliptical range theorem.
Among many generalizations of the numerical range W (A), one is given in the context of multilinear algebra. Given 1 ≤ k ≤ n, the kth decomposable numerical range of A [9, 10] is defined to be the following set 
It is known that [10] (
It is also known that W ∧ n−1 (A) is also convex [9] . It is due to the fact that when k = n − 1, all vectors in the exterior space ∧
is not convex [9, 14] in general. See the following example and more discussion will be given in the next section. Example 1.1. Consider the complex unitary symmetric matrix [9, 14] . So it is not convex. In the above example the matrix A ∈ C n×n is very nice: symmetric and unitary, but convexity still does not hold (of course the symmetric property is not invariant under unitarily similarity). In the literature it is not known whether W ∧ k (A) is star-shaped for general A ∈ C n×n . Indeed we will show that the above example is star-shaped in the next section. However this is not the case for general A ∈ C n×n . We will construct a symmetric and unitary A ∈ C n×n such that W ∧ k (A) is not star-shaped (thus it is not simply connected). So the star-shapedness result does not hold for W ∧ k (A), unlike the C-numerical range W C (A) of A ∈ C n×n [5] and other related generalizations [17, 3, 4] .
The real analog of the numerical range has also been studied [1] , that is, if the domain S n−1 is replaced by S
It is known that if A ∈ C n×n with n ≥ 3, then [1, 12] 
) and hence is convex, and R(A) is an ellipse (possibly degenerate) when n = 2.
Given A ∈ C n×n , as R(A) is the real analog of W (A), we now introduce a real analog of
where O(n) is the orthogonal group and SO(n) is the special orthogonal group. Alike the groups U(n) and SU(n) giving the same W ∧ k (A), O(n) and SO(n) yield the same R ∧ k (A). Similar to the complex case, one has R In this paper we also prove that if A ∈ C n×n is skew symmetric, i.e.,
is star-shaped with respect to the origin. The proof involves a notion called Pfaffian decomposable numerical range. We will first give a brief review on Pfaffian of a skew symmetric matrix and then introduce the Pfaffian decomposable numerical range in Section 3. Then in Section 4 we obtain the star-shapedness results. Some convexity results are obtained in Section 5. Finally in Section 6 we make a remark on the decomposable numerical range under congruence.
W
The main result of this section is to construct a matrix A ∈ C n×n such that the decomposable W ∧ k (A) and its real analog R ∧ k (A) are not star-shaped for some 1 < k < n − 1. We first give a full description of Example 1.1 which turns out to be star-shaped with respect to i.
where n ≥ 4. To completely describe the set W ∧ k (A), write
has eigenvalues 1, . . . , 1, α, β where α, β range over [−1, 1] according to the interlacing inequalities for submatrix of a Hermitian matrix. We remark that the result for the real case O
where
So max
and is attainable at α = β = c 2
;
and is attainable at
Thus S is the region bounded by the parabola x = ( 1, 1, 1, 1, 1, i, i, i, i) . We claim that W ∧ 6 (A) is not star-shaped. Write 
where R is the region given in Example 2.1. On the other hand
is not starshaped as well.
Pfaffian numerical range of a skew symmetric matrix
Let A = (a ij ) ∈ C 2n×2n be a skew symmetric matrix. The Pfaffian of A is defined as
where S 2n is the symmetric group of degree 2n and sgn(σ) is the signature of σ. For example
It is known that [6] for A, B ∈ C 2n×2n where A is skew symmetric, then
The Pfaffian of a skew-symmetric matrix A ∈ C (2n+1)×(2n+1) is defined to be zero, as the determinant of A is zero. The Pfaffian is an invariant polynomial of a skew-symmetric matrix under a special orthogonal basis change. It is important in the theory of characteristic classes. See [8, 18] for some applications of Pfaffian.
The Pfaffian of a skew symmetric B ∈ C 2k×2k can be computed recursively as
where B 1i ∈ C (2k−2)×(2k−2) denotes the submatrix of B obtained by removing the first and the ith rows and the first and the ith columns. The Pfaffian of the 0 × 0 matrix is equal to one by convention. Let A ∈ C n×n be skew symmetric. Then each element of {O T AO : O ∈ SO n } is skew symmetric. For an even integer 2k ≤ n, we introduce
We simply write
in which the square is defined element-wise, i.e., 
Star-shapedness and skew symmetric matrices
We first establish a star-shapedness result for the Pfaffian numerical range P ∧ 2k (A), where 2 ≤ 2k ≤ n and A ∈ C n×n is skew symmetric. Theorem 4.1. Let A ∈ C n×n be a complex skew symmetric matrix. 
Since 2k < n, let x 2k+1 ∈ R n be a unit vector orthogonal to x 1 , . . . , x 2k . Let
Clearly X 0 = X. By the recursive formula (3.1)
is an ellipse (possibly degenerate) contained in P ∧ 2k (A). The origin is enclosed by the ellipse. If the ellipse degenerates, then the result follows.
We claim that 0 ∈ P 
AZ(t)R(θ)).
Notice that
Hence the star-shapedness result is established. 
is star-shaped with respect to the origin, where 1 < 2k ≤ n.
Proof. (1) Obvious.
(2) Notice that the compound matrix C 2k+1 (A) is skew symmetric since 
Some Convexity Results
In this section we show that P For all x ∈ R n , x T Ax = 0 since A is complex skew symmetric. For
Write A = A 1 + iA 2 where A 1 , A 2 ∈ R n×n are real skew symmetric matrices. Now
which can be identified with the subset
By a result of Tam [16] , the set P Write 
Since α = ±β, x and y must be linearly independent. Let z 1 , z 2 ∈ R n be orthonormal such that span {z 1 , z 2 } = span {x, y}. Let 
